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CONVERGENCE OF FOURIER SERIES ON THE SYSTEM 
OF RATIONAL FUNCTIONS ON THE REAL AXIS 

We consider the systems of rational fnnctions n £ Z, defined by fixed set 

points a := {ak}f^Q, {Imak > 0), b := {bk}f=i, {Imbk < 0) and is orthonormal 
on the real axis R. We have obtained the compact form of analogue of Dirichlet 
kernels of these systems on the real axis R. Using obtained representation we 
investigate the problems of convergence in the spaces Lp(R), p > 1, and pointwise 
convergence of Fourier series on the systems n G Z, provided that the 

sequences of poles of these systems satishes certain restrictions. We have proved 
statements that are analogues of the classical Theorems of Jordan-Dirichlet and 
Dini-Lipschitz of convergence of Fourier series on the trigonometric system. 

Key words: rational function; Takenaka-Malmquist system; Blaschke 
condition. 
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1. Orthogonal system of rational functions on the real axis. Let a := 

> 0) be arbitrary sequence of complex numbers from the upper 
half plane C+ := {z G C : Imz > 0}. Then 


, . y/lm ao 

Z — CLq 


Vim an 
z) :=- 


z - ttr 


z), n = 1 , 2 ,..., 


( 1 ) 


where 


n—l 


B^iz) := 1, Biiz) := H 


Xk 


l Z CLk | 


fc =0 


z - ak 


Xk ■= 


|I + Qfcl 

l + al 


n = 1, 2, 


— n-Blaschke product with zeros at the points a^, /c = 0,1, ...n — 1. 

The system of functions introduced by M.M. Dzhrbashyan [Ij 

similarly, as it did S. Takenaka and F. Malmquist P, [3] in the case of space 
Hardy H 2 in the unit circle. In particular, in the article [Tj was shown that the 
system {4>V^)}o° orthonormal on the real axis R, i.e. 


j K{x)^m{x)dx = 


— 00 


0, n ^ 

1, n = m, 


n, m = 0,1, 2,.... 
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Let, further, b := {6^}^^, {luib^ < 0) be arbitrary sequence of complex 
numbers from the lower half plane C_ := { 2 ; G C : Im^ < 0}. Then 


N \/— Im 61 , y/— Im bn ^ ^ „ 

(z) ■= -^n(^) :=-n = 2,3,. 


z — b] 


z — br 


where 


n—1 


Bi{z):=l, B„ (^) := n Xk ■= 

z-bk 


1 + 1 
1 + 65 


n = 2,3. 


k=l - ■ k 

— n-Blaschke product with zeros at the points 6^, /c = 1, 2, ...n — 1. 

Lemma 1. The system of funetions orthonormal system on the 

real axis M, i.e. 


7T 


{x)^j^{x)dx = 


0, n ^ m, 
1, n = 


n, m = 1, 2,.... 


— 00 

Proof. Note hrst that 

00 


00 


^n(x)^n{x)dx=^ J |T„(x)pdx = 


— Im br 


7T 


dx 


X — br 


= 1 , 


n= 1,2,...). 


— 00 


Assuming now that l<m<n—1, (n>2), consider the integrals 

n —1 

n {x-h)Xk 

- dx. 


1 


- / = 
7T I 


x/lm bn Im b 


00 

m f k=m+l 


7T 


n 


n (2^ - h) 

k=m 


The integrand in the right side of this equality is the rational fraction with poles 
at the points 6^, /c = m, m + 1,..., n, from the upper half plane C+. It is clear 
that for 1 2 ; I —> 00 , 2 ; G C, this fraction have the order 0{\z\~‘^)^ that ensures 
convergence of this integral. Therefore, using Cauchy integral theorem for the 
lower half plane C_, we get 


1 

TT 


00 

J Kix)<^-{x)dx = 0. 


— 00 


Finally, going to the conjugate values we sure that the last equality holds for 
arbitrary natural n ^ m. Lemma is proved. 
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Lemma 2. For arbitrary C G C, z 7 ^ C o.nd n = 0, 1, 2,..., m = 1,2,..., 
the identities hold 


n—l 


k=0 


1 

2i(C- z) 


1 - B+iOBiiz) 


( 2 ) 


m —1 




where = YlF = 0. 


1 

2i(C- z) 


BmiOBmiz) 



(3) 


The identities (E]) and (E]) are analogues of well-known formula Christoffel- 
Darboux for orthogonal polynomials. These relations is known in the literature 
also as the identities of M.M. Dzhrbashyan. Proof of the identity (ED was obtained 
in the works [H 3]. In order to verify the equality (ED we will use the method 
proposed in [ij. 

Proof. Consider identity 


(1 - Xi) + (1 - X2)xi + (1 - Xz)xiX2 + . . . + (1 - XTn-l)xiX2 ' • • Xm-2 = 

= l - XiX2- ■ -Xm-l, ( 4 ) 

which is true for any complex numbers xi, X 2 ..., rn G N. 

{z - bk)(C-bk) 


Put 


Xk 


Then 


1- Xk = 


{z - bk){C - bk) 
(z - bk)(C - bk) - {z- bk)(C - bk) 


2i Im bk 


{z - bk){C - bk) 


(z - bk)(( - bk) 


iC-z) 


and in accordance with 


m—1 


k-1 


TO—1 


= E 

1=1 


2i Im bk 


k-l 


{z-bj){C-bj) 


k=i 


-ic-z)T\ 

kJi - ^k){C, - bk) {z - bj){C - bj) 


TO—1 


in 


{z-bj){^-bj) 
■Ji {z-bj)(C-bj) 


Dividing both sides of equality at 2i{(^ — z) and taking into account that 

n ■ n v-14= 




1=1 j=i j j=i ^ j 


C - b, 
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bk e C_ and 


TO—1 

E 

k=i 


Im bk 


k-l 

n 


{z-bj){C-bj) 
{z - bk){C - dk) (z - bj)(C - aj) 


TO—1 


V- Im bk „ . V-Im bk-^ ... 

= - 2 ^- —Bk{z)— —^— Bk{Q = 


k=i 


z -bk 


C-bk 


TO—1 


k=l 


we obtain 
Let now 


= -^3.nai-^(c), 

Lemma is proved. 

^n{z) = 


(5) 


{^i{z), n = 0,1,2,..., 
n = -l,-2,.... 

Lemma 3. The system of funetions {$„(^)}, n E Tj is orthonormal system 
on the real axis M, i.e. 


OQ 


i J ^ri{x)^m{x)dx = 


0, n 7 ^ m, 
1, n = m, 


n^m E Tj. 


( 6 ) 


— 00 


Proof. If n, m = 0,1, 2,..., or n, m = —1, —2,..., then equality (ED follows 
from the facts of orthonormality of the systems of functions 
Assume n = —1, —2,..., m = 0,1, 2,.... Then 


00 


1 

TT 


1 


00 


^nix)^mix)dx = — T_^(x)T+(x)dx = 

TT 7 


— 00 


— 00 


V— Im b-n Im am 


7T 


X — b- 


1 Ti 

1 


. TO—1 

1 T-r J^X — ai 


yj— Im b-n Im 


— 00 
00 


J = 1 


^ X — bj X — ar 


n 

1=0 


Xi 


X — ai 


a 


TO 


TT 


—oo 


1 

n j=i 


TO—1 _ 

1 T-r J^X — ai 


X — b- 


^ X — bj X — Qr 


n 

z=o 


Xi 


X — ai 


dx = 


dx. (7) 


The integrand in the right side of equality ([71) is the rational fraction with poles 
at the points 6j, j = 1,2,..., —n, and ai, / = 0,1,..., m, from the upper half 
plane C+ of complex plane. It is clear that for \z\ —>■ oo, 2 ; G C, this fraction have 
the order 0{\z\~‘^), that sure the convergence of the integral. Therefore, using 
Cauchy integral theorem for the lower half plane C_, we get 


00 


— [ T_„(x)T+(x)7x = 0, n = —1,—2,..., m = 0,1,2,.... 
TT 7 


— 00 
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Using similar reasoning in the case m = -1,-2,..., n = 0,1,2,..., 
completes the proof of eqnality (0). Lemma is proved. 

From formnlas (|2]) and (E]), observe that 


n—1 

k=—m+l 


1 

2i(C- z) 


m—l 


[n 


z-bk 

z-bk 


m—l 


n 


C_-bk 

C-bk 


n—1 


-n 


Z- ttk 
Z-ttk 


n—1 


n 


C 

C 


1 

2i(C- z) 


B-{z)B-{ 0 - Bi{z)B+{0 


we 


2. Representation of Dirichlet kernel of the system on the 

real axis. Denote the kernel of the system {$^(. 2 )} on the real axis R by 

n—1 

Dn,rn{a-,h-,X]t) := ^ X,teR. 

k=—m+l 

The following statement contains the representation of the qnantity 
Dn,m{si'i b; X] t) in the form, which is convenient for fnrther research. 

Lemma 4. The formula is true: 

t 


Dn^mi^^i b, X^ 


1 


m—l 


2i{t — x) 


exp 




luibk du 


k=i 


M - Re bkY + (Im bkY 


n—1 


exp 




Imafc du 


k=0 


u — Reak)^ + (Ima/t)^7- 


m—l 


Bm{x)B^{t) = P[ • Y[ 

X Ok 


m—l 


k=l 


k=l 


t-bk 

t-bk 


^ {x- ^k)- ilk fr + ilk 


n 

k=i 


{x - Pk) + ilk ^ “ Pk) - ilk 


X 


m—l 

n 

k=i 

m—l 

n 

k=i 


{x - jdkY + ll{cos arctg - i sin arctg 


X-Pk- 


arctg + i sin arctg 
\/{t- + 7 fc(cos arctg ^ + i sin arctg 

\/{t- PkY + ik{cos arctg ^ - i sin arctg 


X 


( 8 ) 


Proof. Let bk = Pk + ilk, Pk G R, 7/t < 0. Take in acconnt that G R, we 
hnd 
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m—1 

n 

k=i 


cos arctg — i sin arctg (cos arctg + i sin arctg j^) 


x-j3k 


t-Pk‘ 


COS arctg + i sin arctg (cos arctg — i sin arctg 


m—1 


= n 


k=i 


2i[ arctg 


Ik 


t - Pk 


Note that 

we obtain 

m—1 , 

X - Ok 


arctg 


7fc 


— Pk 


— arctg 


Ik 


Ik 


X - A/J 


(■-hY + il 


2 ’ 


m—1 


n W-r • n = n 2*( arctg- arctg 


m—1 


Ik 


Ik 


x-h * - h 


t - Pk 


X- Pk 


m—1 


= exp 


k=i 


2i ( arctg - arctg 


7fc 


t - Pk 


X - /3fc/J 


= exp 


m—1 

2*E 

k = l ' 


Ikdu 


{u - Pkf + % 


Using similar reasoning for the value 5^(z)5+(C), we get (jHI). Lemma is proved. 

3. Statement of the problem and historical review. Let, as above, 

a := {ak}f=o, (Ima^ > 0), b := {Imbk < 0) 

be arbitrary sequences of complex numbers from upper C+ and lower C_ half 
plane of the complex plane C respectively. 

In the paper [Sj it was shown that the system of the rational functions 

1111 

--T’ ■ ■ ■ ’ 

z — ao z — bi z — ai z — bi 

is closed with respect to Lp{M) {1 < p < oo) if, and only if, the series 


OO 


CT a := 


-E 


Im ak\ 


OO 


■’ := Y 


Im bk\ 


diverge. The orthogonalization of the system (Ej) on the real axis M leads to the 
system {T„(x)}, x £ M, n £ E, therefore to arbitrary function from / £ L 2 (M) 
can be put to conformity its Fourier series on the system (x)}: 

OO 

~ Y ^k^kix), X £ M, (10) 

k=—oo 
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where 


(X) 


Ck = ^ J f{x)^k{x)dx, k = 0,±l,±2,..., 


— 00 


whose partial sums 


n—1 


a; b; x) = ^ Ck^k{x), 

k=—m+l 

converge in mean square to the functions f{x), i.e. 


lim - [ \f{x) - Sn^mif; x)\‘^dx = 0, 

n,m^oo TT / 


on condition that series cr(a) and cr(b) diverge. 

However, formal Fourier series of form (Hill) can be written for any function 
/ G Fi(M) and for partial sums of this series will have 


n 


1 


n 


5'n,m(/;a;b;x) = ^ Ck^j^(x) = - / f{t)^ ^ ^k{t)^k{x) 


k=—r 


— 00 


k=—m 


dt = 


00 

J /(t)L>n,m(a;b;a;;t) dt. 


— 00 


( 11 ) 


Our aim is to investigate the problems of convergence in the metrics of 
the spaces Lp(M) (1 < p < oo) and pointwise convergence of the partial 
sums Sn,m{f] a; b; x) of Fourier series ( 1TU1) to the corresponding function / as 
m^n ^ oo. 

Note that the extremal problems of the approximation on the real axis 
by rational functions with hxed poles was originated from the works of 
S.N. Bernshtain. So in the monograph |Bj was built the rational fraction which 
deviates least from zero on the real axis, and also in the hrst time was obtained 
the solution of the problem of approximation of functions by rational fractions 
in the uniform metric. Researches of conditions of completeness of the system of 
the functions (MD, conditions of convergence of the approximating aggregate by 
these systems in the metrics of the spaces Lp(R), p G [1; oo], were considered in 
|5j. N.I. Achieser [7], exploring weighted polynomial approximation problem, hrst 
establish the exact value of the best weighted approximation on the real axis the 
kernels of form 


Ax + D 
+ A ’ 


(Im A = ImD = 0, A > 0) 


( 12 ) 
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for the weight of a certain kind. 

For the hrst time, the Fonrier series expansion on the system (|I]) was stndied 
by M.M. Dzhrbashyan [Ij. He developed the method that allowed to obtain the 
solving of extreme problems of best rational approximation of the Cauchy kernel 

ImCT^O, 2; G R, 

both in uniform metric and in the mean square metric. The proposed method 
is based on the use of orthogonal system ([I]) and certain biorthogonal system 
of rational functions with hxed poles on the real axis R. Using the method of 
M.M. Dzhrbashyan in the paper [B] was solved similar problems for the kernels of 
kind fp^ . In the works of V.M. Rusak (see monograph [9j) were built the rational 
operators of type Fejer, Valle Poussin and Jackson and investigated approximation 
properties of these operators. In the article |3j computed the value of the best 
approximation of the Cauchy kernel on the real axis R by some subspaces from 
Lg(R). This result is applied to the evaluation of the exact upper bounds for 
pointwise deviation of certain interpolation operators with interpolation nodes in 
the upper half plane and certain linear means of Fourier series on the Takenaka- 
Malmquist system from the functions in a unit ball of the Hardy space 2 < 
p < 00 . 

For simplicity reasons, in this paper we assume that the relevant terms of the 
sequences a = {a^j^Q and b = are pairwise conjugated, i.e. bk = hfc-i, 

(/c = 1, 2,...). Then, the representation of the spectral function (0) and the partial 
sums f lTTl) in case when m = n + 1 take the form 


n—1 


Dn,n+i{a] a; x; t) = sin ( j 


2 Im ak 


k=0 


{u - ReakY + (Imafc)^- 


du ^, (13) 


and 


Sn,n+i{f', a; a; x) := S'„(/; a-,x) = ^ J /(t)L>„,„+i(a; a; x; t) dt, 
where a = {afcj^o ^ = {dk-i}f=i- 


— 00 


4. Main results. Now we can formulate the main results of this paper. 
Theorem 1. Suppose that sequence a := {afcj^g satisfies the condition 


n—1 


Im ak\ 


lim > 

n—^ 


= + 00 . 


(14) 
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Then for any function f G Lp{M.)^ 1 < p < cxd, its Fourier series on the system 
^ converges to this function in the metric of the spaces Lp(M), i.e.: 


00 


lim 

n—>-00 


\f{x) — Sn{f', a; x)\^dx = 0, 1 < p < oo. 


Let 


n—l 


dr 




Im ak\ 


n—l 


1 


l + la^r 


(Im afc)2‘ 


(15) 


k=0 ' k=0 

Theorem 2. Assume that function f G Li(]R) and has bounded variation on 
M. If the sequence a := {a^j^o limit points on the real axis M, satisfies 

the condition ( [7^ and q-n/dn < const, then at each point xq G M the equality is 
true: 


lim Sn{f-,a-,xo) = 


/(xo - 0) +/(xo + 0) 


n—>-00 2 

Corollary 1. If all conditions of the theorem\Eare satisfied and xq is the point 
of continuity of function /, then 


lim Sn{f;a;xo) = f{xo). 

n^oo 


Theorem 3. Let function f G Li(M) and the limit values f{xQ 
f{xo + 0) exist at the point xq. If the integrals 


f{xo -y) - fixo - 0) 


y 


dy, 


f{xo + y) - fixo + 0) 


y 


dy, 


0) and 


(16) 


exist and the sequence a := has no limit points on the real axis R, satisfies 

the condition ([7^ and < const, then 


lim S'„(/; a; xq) 

n—>-00 


/(xq - 0) + /(xq + 0) 
2 


It is obvious that sequence a := satisfies the conditions of Theorems E] 

and El if we can find positive constants Ci and (72, which do not depend on k and 
such that 0 < Cl < \ak\ < (72, /c G N. Note that the conditions of these Theorems 
can be performed also in the case, when |a^| —>■ oo, n -P- oo. For example, if the 
real and imaginary parts of a := satisfy the relations 

3 1 

I Rea/t| = D(/c“), 0 < a < -, | Ima^l = 0{k^), - < /? < 1, k ^ oo, 

it is easy to verify, that this sequence has no limit points on the real axis R, 
satisfies the condition ([H]) and On/c^n < const. 
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5. Auxiliary results. We first obtain following statement, where the integral 
representation for the partial snms S'„(/; a; x) of Fonrier series on the system (E]) 
has convenient form. 


Lemma 5. /// G then for any x eM. the equality holds 

sin^/i„(-^; x) 

J - V) 

0 


oo 

1 f 

Sn{f]a-,x) = - J y)'- 


y 


dy+ 


00 


TT J y 

0 


(17) 


where 


x+y 


n—1 


yn{y]x) := - / ^ 


y 


2 Im ak 


k=0 


{u - Reaty + {Imaty 


du. 


(18) 


Proof. We split the integral on the whole axis to two parts over intervals 
—oo; x) and (x; oo), and make the change of variables. Given the relations ( ITFl) , 
we hnd 


00 


Sn{f] a; x) = i y /(t)L>„,„+i(a; a; t; x) dt = 


— 00 

X 00 


= ^{J + J)f{t)Dn,n+i{a-,a-,t-, x) dt = 


— 00 X 

00 


1 

TT 


J f{x - 2 /)L>n,n+i(a; a; x - x) dyE- 


0 

00 


+“ J /(^ + y)Dn,n+i{a-, a; x + y; x) dy = 


0 

oo 

1 f f{x-y) . 

= — / —-^ sm 

TT J y 

0 

00 

,1 f f{xRy) . 

H— / -sm 

^ J y 

0 


n—1 

E 

x-y ^=0 
n-l 


2 Im ak 


E 


u - Reafc)^ + (Ima/;)2. 


2 Im ak 

u — Rea/;)2 + ilmakY 


du) dyd- 


du )dy. 


Hence, considering the designation (ITHl) . we obtain the eqnality ( 1T71) . Lemma is 
proved. 
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Lemma 6. For each fixed x G M and y > 0 the inequalities hold: 

n—1 


[yyn{^y,x)]' 


> 


1 


Im ak\ 

y l + {\x\ + yfi^^l+\ak\‘^' 


E 


\fini±y;x)\ > 


1 


n—1 

E 


Im ak\ 


1 + {\x\ + yY ^ 1+ K-P’ 


( 19 ) 


( 20 ) 


Proof. On the basis of the relation 

, n-l 

a 


[yfi„(y;x)l = — j 


n—1 

-E 

k=0 


we hnd 
2 Im ttk 


k=0 


{u - Reakfi + (Imafc)^ 


du = 


2 Im ttk 


([y + x\ - Reat)2 + (Imai)^' 


( 21 ) 


Hence, given the inequality 

(1 + (|x| + yY){l + (Reafc)^ + (Imafc)^) > {[t + x] - Reakf + (Imafc)^ (22) 


which holds for any a; G M, y > 0 and 0 < t < y, we get the estimation flT^ for 
the value \[yian{y] x)]y\. 

Since 

n-l 

2 Im ak 


1 


yn{y;x) = - \Y1 


y 


k=0 


u — Reafc)^ + ilmakY- 


du = 


1 

y 


n—1 

E 

k=0 


2 Im ak 


{[tF x] - Re Gkfi + (Im akfi- 


dt. 


then applying the inequality fl2^ again, we obtain the inequality (12(71) for the value 
\yn{y; x)\. 

The values \[yfin{—y'ix)]y\ and iiri{—y]x) are estimated similarly. Lemma is 
proved. 

Lemma 7. Uniformly for x G M and y > 0 the estimations are true: 


n—1 


[yyni^y; x)]y2 < XI ?! 

I —n V 


1 


k=0 

n—1 


[yn{±y;x)]'y <J 2 t[ 

k=0 ^ 


tm akfi' 
1 


mafc)2’ 


(23) 


(24) 
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71—1 


a:)] 


1 


"^3^ (Ima*)3‘ 


Proof. On the basis of the relation (El]), we hnd 

71—1 


d 


[yfiniy, x)]^, = ^\Y1 


2 Im Gk 


71—1 


ii^ + y] ~ + (Imafc)2j 

4Imafc([^ + x] - Reak) 


^=0 (([ 2 / +a:] - Reafc)2 + (Imafc)2^ 
Hence, taking into acconnt the obvious inequalities 

2 Im ak{v — Re ak) 


2- 


V - ReakY + (ImaA:)^ 


and 


1 


< 


< 1, 


1 


{v - Re GkY + (Im CLkY (Im ^kY ’ 
at n = t + X, we obtain the estimation (1231) for the value \[yyin{y'-, x 
To prove the estimation ( 12D it should be noted that 

y n—l 


[/^n(2/;a:)]y = 4 

yZ 


n—l 


E 

k=0 


2 Im Gk 


([^ + x] - Re GkY + (Im GkY 


E 

k=0 


2 Im Gk 


{[t + x] - Re GkY + (Im atY- 


dt = 


1 


n—l 


2 Im ak{t — y)liy + X — Re at) + (I + a: — Re a*)] 


(25) 


(26) 


(27) 


J ^ [(y + - Reat)^ + (Imat)^][(I + a: - Reat)^ + (Imat)^] 

n /c—U 


1 

y2 


^ n-1 

/(i-y)E 

n k=0 


1 


2 I 1 J 1 Gk{y + X — Re Gk) 

{y + X - Re Gk)‘^ + (Im Gk)‘^ {t + x - Re Gk)‘^ + (Im Gkf 


2 I 1 J 1 Gk{t X — Re Gk) 


dt. 


X - Reflfc)^ + (Imafc)2 {y + x - Reafc)^ + {lmGk)‘^- 
Hence, again using the inequalities ( 1231) - ( 1271) sit v = t + x and v = y + x^ we get 

[M„(y; a.)];| < 2 g = E ^ 


fc =0 


tm Gk)‘‘ 
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which proves the estimation f l24l) for the value \ [iin{y, x)]'y\. 
Then we hnd 

n—1 


x)yy2 = 


2 Im ttk 


dy {[y + x] - ReakY + {Rnaty 


1 f 2 Im ttk dt 

y^ J {[t + x] - Reafc)2 + (Imafc)2J 
0 


n—1 


2 Im ak dt 


y^ J 5 ([^ + ^] “ akY + (Im Gkf 

n /c—U 


2 Im ak 


o ^-1 

-Ay_ 

y^ f^Q {[y + x] - Re akY + (Im akY 

1 4:lmak{x + y — Reak) 
y^{[t + x]-Re akY + (I™ cikY ’ 


where after elementary transformations, we obtain 

[yn{y,x)]y2 = ^ (y-Yj2 
y y 1 _n 


2 Im ak 


■X 


k=0 


X 


(^ + a; - Re akY + (I™ «fc)‘ 
2(^ -\- X - Reufc) 

(t + X - Rea/c)^ + {ImakY {[y + x] - Re akY + (Im^/c)^- 

^ n—1 


^ + t + 2x — 2 Re a/c 


dt = 


^ r 4Imafc(^ + X — Rea/;)^ 

2 /^ y + X - Re akY + {lmakY][{y + x “ Reafc)^ + (Imafc) 2]2 

4Ima/;(y + X — Reak){t + x — Rea^) 

~^[{t-\- X - Re akY + i^^cLkY][iy + x - Re akY + i^^akYY 


2 Im ak 


{y - tfdt. 


[{y + X - Re akY + (I™ ^^kY] [Y + x - Re akY + (I™ ®fc)^] ■ 

Finally, applying the inequality f l26l) - flTTl) oX v = t-\- x and u = ^ + x, we get 

y 


^ ^ 

iKO;U];y< J/E 

^ i k=0 


^{y-tY 

(Im akY 


n—1 




1 


3^{Ima*)3’ 


which proves the inequality (12F1) for the value \[firi{y, x)]y 2 \. The values 
\[yyn{-y] |y(-^; x)]y\ and |[/i„(-^; x)]y2 \ are estimated similarly. Lemma 

is proved. 
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Lemma 8. Suppose that sequence a := {afcj^o limit points on the 

real axis M, satisfies the condition ( [7^ and qn/<^n < const. Then, for arbitrary 
function (p G L(]R+), the equation holds 


lim j p){y)sm[ypn{d^y]x)\dy = 0. 


n —>-00 


(28) 


Proof. We fix number £ > 0. Obviously, for arbitrary function (f G L(R+), the 
number 9 = 9{£) >0 such that 


W(y)\dv < 3 


(29) 


exists always. 

By K. Weierstrass theorem on the interval [0; 9] can be found polynomial 
P{y) = 2/), which provides the estimate 

6 


Mv) - P(v)\dy < g- 


(30) 


0 


From the relations (I2SD and fl5Ul) it follows 

oo 9 


if{y) sm[yyri{9Ly,x)\dy 


P{y) sm[yprii^y;x)]dy+ 


oo 9 

+ J T{y) sin[2//in(±2/; x)]dy T j [ip{y) - P{y)\ sm[yyn{dxy]x)]dy 

9 0 


< 


< 


P{y) sin[ 2 //in(±?/; xfdy 


2 £ 


herewith uniformly over n = 0,l,2,.... 

So to complete the proof of Lemma left to show that we can hnd a positive 
integer no = no(£) > 0, such that for all natural n > uq the inequality true 


P{y) sin[?//in(±?/; x)]dy 


< 


( 31 ) 


Let 


= max |P(7/)|, M 2 = max |P'(y)|. 

0<y<0 0<y<0 
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Integrating by parts, we find 
0 


P{y) 


P{y) sm[yfin{Py, x)]dy = - -—-^ cos[yfini±y; x)] 

[ydniPy, x)\' 


+ 


+ 


P'(y) 

fe:(^^cosbMn(±y;n]rf.- 


P{y)[yyn{Py, x)] 


{[yynidzy;x)]'y 


cos[yyn{Py, x)]dy. 


We apply the estimations ( IT^ - ( 1231) for integrands in the right side of last 
equality. Considering the designation (1T3I) , we get 


P{y) s^^[yyn{Py, x)]dy 


< 


2Mi(l + (|x| + d)2) 


(Jr 


M2^(i + (|x| + ^)") ^ Mie{i + {\x\ + eyyc^rr 


(Jr 


(Jt 


Hence, in view of (HHl) and the conditions (^n !^ const we obtain the relation 
(EH). Lemma is proved. 

Lemma 9. Assume that sequence a := {a/c}^o limit points on the real 

axis M; satisfies the condition and <^n/(Jn A const. Then for arbitrary number 
5 > 0 at each fixed x G M 


lim f 

n^oo J y 2 

0 

Proof. We fix X G M and number d > 0. We have the equality 


(32) 


y 


yPniPy; x) 


- [ sm[yiariidzy;x)]^^^d}i^P^dy := Ii{n;x) - hiyx). (33) 

J yn[^y]x) 
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Denoting v = x), we get 


5/x„(±(5;a;) 


/i(n; x) = 


Sinn 


-dv. 


V 


Using the ineqnality 


we find 

K n—l 

ydni^y; x) = / ^ 


2 Im ak 


fc=0 


([t zb x] - Reafc)^ + (Imafc)^ 


dt > 


> 


y 


n—l 

E 


Im ak\ 


l+(kl+?/)^^l+|afcF 


2 / > 0 , 


from which in view of the condition (IT^ implies, that the relation is trne 

n—l 


h/i„(±(5; x) > 


5 


Im ak\ 


1 + (|x| +fi)2 ^ 1 + |afc|2 


E 


oo, n —>■ oo. 


Taking into acconnt this fact, we have 

Sk-n{±S-x) 

lim /i(n; x) = lim 


oo 


Sinn / Sinn tt 

- dv = / - dv = —. 


n —>-00 


n—>-00 


n 


n 


Fnrther, integrating by parts, we obtain 

cos[^/i„(±^; x)] 


|/ 2 (n; x)\ = 


dni^y; x)[yfini^y;x)t 


- / cos[yfini±y; x)] 


[dn{dzy,x)]'', 

ydy+ 


0 

<5 


dn{dzy] x)[yyn{dzy, x)][ 


+ / cos[yyni^y;x)] 


[dn{d^y,x)y 


[dn{d^y;x)Y[yyri{dzy; x)] 


jdy+ 


+ / cos[^/i„(±^; x)] 




Un(±2/; x)([^/i„(±^; x)];) 




(34) 


(35) 


(36) 


By the condition of Theorem the seqnence a := {a^j^Q has no limit points on 
the real axis M, therefore 

n—l 


E 

k=Q 


1 


(Im akf 


< Cc^n- 
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Considering this fact and applying the ineqnalities 
for integrands in the right side of (ESD, we hnd 


and also 


-(E5|l 


\h(n-x)\ < cfe[l + (|a;|+i)^] + 4[l + (kl+<5)T'5+^ll + (|a:|+<5)yh. (37) 

\(J G / 


where and cr^ are sequences, which dehned by relations ( ITHll . 
Since ^ const, then at each hxed x G M will have 

lim Ihin; a;)| =0. 


n—>-00 


(38) 


and 


, we obtain the assertion of lemma. 


Combining the equality 
Lemma is proved. 

Finally we prove the following lemma. 

Lemma 10. Suppose that sequence a := {afcj^o satisfies the condition ( [7^ 
and qn/^n < const. If the function g{y) G L(IR+) and increases monotonically on 
the interval [0; cxd), then for an arbitrary number 5 > 0 at each fixed x G M 


lim 

n^oo 


(39) 


Proof. We hx X G M and number d > 0. Since 

I = 

*j y 

0 

= 9 (+ 0 ) / + hg(y) - 

0^0 ^ 
then by lemma O it is sufficient to verify that the second integral from the right 
side of this equation tend to zero as n —>■ oo. 

To prove this fact we take £ > 0, choose h < 6 such that 

0 < g{y) - g{+0) < e, 0 < y < h, 
and divide this integral on two parts: 

ii{x; n) + i 2 {x; n) := { [ + [)[g{y) - ^(+0)] dy^ 


0 h 

Given the bounded of integrals of kind 

h 

f sm[yyn{^y,x)] 


y 


0 


y 


dy, h > 0, 
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which follows from lemma M and applying the second theorem abont average, at 
each hxed x G M we get 


\ii{x;n)\ = [g{h) - ^(+0)] 


sm[yfini±y;x)] 


y 


dy 


< £Ci{x), 


(40) 


herewith nniformly over n G N. 

Assnme 

. . _ / 0, 0 < ^ < h, 

^{y) ■— I 9iy)-9i+o) ^ h < y. 

It is clear that (p G L(IR+). Taking this into acconnt, by lemma E] we get the 
estimation 

\i 2 {x;n)\ < £C 2 {x), n>no{£). (41) 

From the relations f liOl) - fl4Tl) implies 


lim {ii{x; n) + i 2 {x; n)) = 0, 

n^oo 

which proves this lemma. Lemma is proved. 

6. Proof of the main results. We will obtain now the main resnlts on 
convergence of Fonrier series on the system (I^. 

Proof of Theorem [H We show hrst that for any function / G Tp(lR), p > 1, 
the inequality is true 

CX5 CX5 

J \Sn{f; a; x)\Pdx < Cp J \f{x)\Pdx. 

— OO —oo 

By lemma E] the representation of the partial sum of the Fourier series on the 
system {^/^(z)} can be written as 


'S'n(/;a; x) 


lim i / ai^ + y)-a{^-y)ay 

e-i>0+ 7T J y 


(42) 


where 

g{x ±y) = fix ± y) sin ( ± 2//in(±2/; a:)), 

and the value /i^(±^; x) is dehned by the equality (ITFl) . 

In the book [lUl c. 149] was proved that for any function if G Lp(M), p > 1, 
the formula (that called Hilbert transform) 


H{f-x) := lim 


J ipjx^t) - ipjx-f) 


e 
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almost everywhere determines the function H[f) G Lp{M.) and the inequality 
holds 

00 00 

I \H{f-x)\’’dx<C, j\f(x)\^dx, 

—oo —OO 

where Mp is a positive constant, which depends only on p. 

Using the fact of bounded of Hilbert transform in the spaces Lp(R) at p > 1, 
given that the function g G Lp(R), on the basis of relation fH21) . we get 

OO OO OO 

J \Sn{f]a-,x)\Pdx = J \H{g-,x)\Pdx < Cp J \f{x)\Pdx, 

— OO —OO —oo 

quod erat demonstrandum. 

We now proceed to proof of the assertion of Theorem. Since / G Lp(R), then 
from results it follows that the function / can be approximated by using 
fractions (E]) with any degree of accuracy. That is, for any £ > 0 can choose a 
hnite linear combination 

no no 

^no(^) ^ ^ Q'A:) T ^ ^ (J/j) , 

fc=0 k=l 

such that 

00 

J \f{x) - Tno{x)\Pdx < e. 

— OO 

Since the system (Ej) is the result of orthogonalization of the system (E]), then 

no no 

Tno{x) = A[(^k{x) + Y ^k^k{x), 

k=0 k=l 

and 

Sn{Tn^] X) = Tn^{x), Uq < U. 

Note this, we get 

OO OO 

J \f{x) - Snif; x)\Pdx < J \f{x) - Tno{x)\Pdx+ 

—oo —oo 

oo 

+ J \Sn{f -Tno;x)\Pdx < {1 + Cp)£, 

— OO 

where £ is arbitrary positive number. Theorem is proved. 
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Proof of Theorem [2]. Since function / is summable on M, then from lemma 
IH] it follows that the representation ( ITTj) can be written in the form 


^nif ) ^o) 


[ f( _ a:o) 

7^ J ^ ^ y 

0 


dy+ 


6 

+- f{xo + y) - dy + o{l), n^oo, (43) 

77 J y 

0 

where h > 0 is arbitrary positive number. 

By the condition of Theorem the function /(•) has bounded variation on 
M, therefore that function can be represented as a difference of two monotone 
increasing functions. Applying lemma HU] to the each monotonic component of the 
function /, we get 

lim Sn{f] a; xq) = -- ^[/{xq - 0) + f{xo + 0)] = ^[/(xq - 0) + f{xo + 0)], 

n—>-00 TT Z Z 

quod erat demonstrandum. Theorem is proved. 

Prof of Theorem [3l From Theorem [U implies that 


/(xq - 0) +/(xq + 0) 
2 


0 

^ J f{xo - 0) 


sin yiin{-y,xo) 


y 


dy+ 


H— / /(a:o + 0)- dy + o(l), n ^ oo, 

77 J y 

0 

where 3 > 0 is arbitrary positive number. 

From the relations ( 1131) and (1111) we obtain 

/(a^o - 0) +/(xo + 0) _ 

^n\J ) a, Xq) — 


(44) 


L fM-mo-0) y^ 

77 J y 

0 


, 1 f f{xo + y)f{xo + 0) . \ j 

H— / -sin^/i„(^;a;o) d 2 / + o(l), n^oo. 

77 J y 

0 


Since the integrals ( ITFl) is converged, then statement of the theorem follows from 
the lemma El Theorem is proved. 
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